In 1963, Graham [1] proved that all integers greater than 77 (but not 77 itself) can be partitioned into distinct positive integers whose reciprocals sum to 1. He further conjectured [2, Section D11] that for any sufficiently large integer, it can be partitioned into squares of distinct positive integers whose reciprocals sum to 1. In this study, we establish the exact bound for existence of such representations.
In 1963, Graham [1] proved that all integers greater than 77 (but not 77 itself) can be partitioned into distinct positive integers whose reciprocals sum to 1. He further conjectured [2, Section D11] that for any sufficiently large integer, it can be partitioned into squares of distinct positive integers whose reciprocals sum to 1. In this study, we establish the exact bound for existence of such representations.
A positive integer m is called representable if there exists a set of positive integers X = {x 1 , x 2 , . . . , x k } such that 1 = 1 x 1 + · · · + 1 x n and m = x We further say that X is a representation of m.
We can easily get representations of some integers from known examples of Egyptian fractions: We provide a proof of Theorem 1 generalizing the original approach of Graham [1] based on constructing representations of larger numbers from those of smaller ones. More generally, we refer to such construction as translation of representations, and introduce a class of translations that acts on restricted representations. This provides us with yet another proof of Theorem 1.
Since our approach requires computation of representations of certain small numbers, and we start with discussion of an algorithm that generates representations of a given number. The same algorithm is also used to prove that 8542 is not representable.
Computing Representations
Our goal is to design an efficient algorithm for computing a representation of a given integer m. We need the following lemma. 
and
Proof. Suppose that X = {x 1 , . . . , x k }, where x 1 < x 2 < · · · < x k , and so |X| = k and min X = x 1 .
Let A q (x 1 , . . . , x k ) denotes the q-th power mean of
. Then the power mean inequality implies that
, which further establishes (1) . Since x 1 = min X, we have 1
Finally, using (1), we get
Lemma 2 for d = 2 enables us to search for representation X = {x 1 , . . . , x k } of a given integer m using backtracking as follows. First, let (s 1 , n 1 ) = (1, m) and iterate x 1 = min X in the range given by (2) for (s, n) = (s 1 , n 1 ). For each value of
), which by (2) for (s, n) = (s 2 , n 2 ) defines a range for x 2 = min(X \ {x 1 }) (additionally we require x 2 > x 1 ), and so on. The procedure stops when (s k+1 , n k+1 ) = (0, 0) for some k, implying that (
We remark that the bounds in (2) do not depend on |X|, and thus we do not need to know the size of X in advance. Furthermore, the inequality (1) guarantees that the algorithm always terminates and either produces a representation of m, or establishes that none exist.
Running the algorithm on m = 8542 leads to the following statement.
Lemma 3. The number 8542 is not representable.
It is easy to modify this algorithm to search for representations with terms restricted to certain sets, e.g., with certain numbers forbidden or with numbers above a given bound-we will see a need for such representations below.
Proof of Theorem 1
For a set S, we say that a representation X is S-avoiding if X ∩ S = ∅, i.e., X contains no elements from S.
Graham [1] introduced two functions:
defined on {39}-avoiding representations. Namely, f 0 and f 3 map a representation X of an integer m to a representation of g 0 (m) = 4m + 4 and g 3 (m) = 4m + 14423, respectively. We define two more functions:
The function f 1 maps a {39}-avoiding representation X of an integer m to a representation of g 1 (m) = 4m + 16545. The function f 2 maps a {21}-avoiding representation X of an integer m to a representation of g 2 (m) = 4m + 1822.
It is easy to see that the function f i (X) (i ∈ {0, 1, 2, 3}) maps a {21, 39}-avoiding representation X of an integer m to a {21, 39}-avoiding representation of g i (m). It is important to notice that g i (m) ≡ i (mod 4). = 9497. By the induction assumption, m ′ has a {21, 39}-avoiding representation X. Then f i (X) is a {21, 39}-avoiding representation of m, which concludes the proof.
t-Translations
The functions defined in (3)-(4) inspire us to consider a more broad class of such functions that map representations of small integers into those of larger ones. For an integer t, we call an integer m t-representable if it has a representation X with min X ≥ t. Clearly, an integer m > 1 is representable if and only if it is 2-representable.
For a positive integer t a tuple of positive integers r = (k; y 1 , . . . , y l ) is called t-translation if
and for every i ∈ {1, 2, . . . , l}, we have y i ≥ t and either y i < tk or k ∤ y i . With every t-translation r = (k; y 1 , . . . , y l ) we associate two parameters: scale sc(r) = k 2 and shift sh(r) = y 2
Lemma 5. Let m be a t-representable integer, and r be a t-translation. Then the number sc(r) · m + sh(r) is t-representable.
Proof. Suppose that {x 1 , . . . , x n } is a t-representation of m. If r = (k; y 1 , . . . , y l ) is a t-translation, then
Notice that t ≤ y 1 < · · · < y l and {y 1 , . . . , y l } ∩ {kx 1 , . . . , kx n } = ∅, since for any i ∈ {1, 2, . . . , l} and j ∈ {1, 2, . . . , n}, we have either y i < tk ≤ kx j or k ∤ y i , i.e., y i kx j . Hence, {y 1 , . . . , y l , kx 1 , . . . , kx n } forms a t-representation of sc(r) · m + sh(r).
The function f 0 (X) defined in (3) corresponds to a 2-translation (2; 2), however (2; 3, 7, 78, 91) corresponding to the function f 3 (X) is not a 2-translation because of the presence of 78 = 2 · 39. As we will see below, it is preferable to have the scale small, ideally equal 2 2 = 4, which is possible for the only 2-translation (2; 2).
At the same time, for t = 6, we can construct a set of 6-translations such as { (2; 9, 10, 11, 15, 21, 33, 45, 55, 77), (2; 6, 7, 9, 21, 45, 105), (2; 7, 9, 10, 15, 21, 45, 105); (2; 6, 9, 11, 21, 33, 45, 55, 77) },
where the translations have scale 2 2 = 4 and shifts {13036, 13657, 13946, 12747}. A set of translations S is called complete if the set { sh(r) (mod sc(r)) | r ∈ S } forms a complete residue system, i.e., for any integer m there exists r ∈ S such that m ≡ sh(r) (mod sc(r)). It can be easily verified that (5) forms a complete set of translations.
The following theorem generalizes Theorem 1.
Theorem 6. Let S be a complete set of t-translations with maximum scale q and maximum shift s. If numbers n + 1, n + 2, . . . , qn + s are t-representable, then so is any number greater than n.
Proof. Suppose that all numbers n + 1, n + 2, . . . , qn + s are t-representable. We will prove by induction that so is any number m > qn + s.
Assume that all numbers from n + 1 to m − 1 are t-representable. Since S is complete, there exists a t-translation r ∈ S such that sh(r) ≡ m (mod sc(r)). Note that sh(r) ≤ s and sc(r) ≤ q. Using the complete set of 6-translations (5), we can now prove the following theorem.
Theorem 7. The largest integer that is not 6-representable is 15707.
Proof. First, we computationally establish that 15707 is not 6-representable. Thanks to the complete set of 6-translations (5), by Theorem 6, it remains to show that all integers m in the interval 15708 ≤ m ≤ 4 · 15707 + 13946 = 76774 are 6-representable, which we again establish computationally.
Theorem 7 together with Lemma 4(i) provides yet another proof of Theorem 1.
Supplementary Files
We prove the following supplementary files to support our study:
• http://home.gwu.edu/˜maxal/rp2_small.txt contains representations of all representable integers below 8542;
• http://home.gwu.edu/˜maxal/rp2_54533.txt contains representations of all integers in the interval [8543, 54533] , which are {21, 39}-avoiding unless m ∈ E (see Lemma 4);
• http://home.gwu.edu/˜maxal/rp6_76774.txtcontains 6-representations of all 6-representable integers up to 76774, which include all integers in the interval [15708, 76774] .
